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We shall consider the construction of a general form of nonlinear tensor function invari- 
ant with respect to the group G of such orthogonal transformations of Cartesian coordi- 

nates defining the space tangent to the four-dimensional Riemannian manifold L at 

some point M, which leave the vector U1 of unit length defined in MI at rest Investi- 

gation of such tensor functions id of interest since the group G of the form indicated 
above, defines the properties of spatial symmetry of the medium in the relativistic 

mechanics of continuous media, provided that U i is taken, as the 4-velocity vector (* ) . 
Let a tensor A of rank r whose components are Ai’ .*’ “. , be given on the space-time 

manifold L . Let it also be, by definition, invariant with respect to the group G , which 
represents the group of orthogonal transformations of coordinates in the assoc$;ed=refer- 
ence system (**) . When acted upon by the elements of G, components of A ’ . p will 
transform in the manner of components of a three-dimensional tensor of rank 7 , com- 
ponents A**=P.. .= r . . _,/1*al...%-,4 like the components of a three-dimensional tensor 
of rank r- 1. etc. The component A”...4 is, under the transformations of G , a scalar. 
Results of [1] enable us to write the general form of three-dimensional tensors .4*a1’.‘ar, 

A 
*4ap...a,. 

. . . . . in the associated reference system. In other reference systems, components 
of the tensor A are obtained by coordinate transformations. 

We shall illustrate the above argument using a tensor of rank 2 invariant with respect 
to a complete orthogonal group of transformations of coordinates of the associated refer- 
ence system. From [1] it follows that 

A*@ z kl*g*“P, A*a4 = A4”4= =o, A*44 = k2z,a 
(1) 

where gi J are the components of the metric tensor of L , while kl* and k2* are scalars 
with respect to the complete orthogonal group of transformations of coordinates zoP. 
It is easy to find a tensor whose components in the associated reference system coincide 
with those of (1) . 

A” = k$ + k&u’ (2) 

l ) Latin letter indices 6, j, k,. . . 
ces a., P. y . . . . 

assume the values 1, 2, 3 and 4;Greek letter indi- 
correspond to spatial coordinates and assume the values 1.2 and 3 + 

**) Magnitudes measured in the associated reference system (Cartesian reference system 
in thf space tangent to L with one of its coordinate axes coinciding with the direction 
of U ) , will be denoted by the symbol * . 
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Here Ui is the 4-velocity vector, yiJ = QiJ -UiUJ in the metric with the sign con- 

vention (- - - + ) , y ‘j = g’J + U’UJ in the metric with the sign convention (+ + + -), 

while kl and ka are four-dimensional scalars,numerically equal to kl* and kz*. 

Since the tensors whose components coincide in any reference system are equal, Formula 

(2) yields the required result in any coordinate system. 
Below we give the general form of invariant tensors of the first, second, third and fourth 

rank, for each of the seven types of orientations. 

1) Class co/arrm (centrally isotropic case) (*). The group consists of 

all possible rotations and inversions. Generating elements of t!re group are : the inter- 

secting axes of infinite order and the mirror plane of symmetry 

Ai = k& A’j = k&j + kzuiuj 

ijk 
:I = kly”uk + k,rikuj + k3y3’ui + kau’u3uk 

A 
ijkl = klxijTkt + j,.,riklj’ + k,_&ik + lcgyijukul + kjyjk(liuE + k6rkluiuj + 

’ 1 
+ k:y”u3uh + ksyikduf + ks&uk f kIo&3uk$ 

2) Class 03P (gyrotropic case). The group consists of all possible rotations 
with the determinant equal to + 1 . Generating elements of the group are the intersect- 

ing symmetry axes of infinite order 
. . 

2.1 1 = ku2. .41J =: klf3 -)- kg~“r~ 

,, ijti ij !i . 
:= k*y t(. i &klLJ -i- ,@hnb -5 &lkzUi -; kgr&1,~h 

Ai;kZ Aijh-i t’30 I w . nt) + kllE 
jkim . 

unlu’ + knE 
iklm .ijlm 

umu3 + k& y,,tck + k14E 
ijkm i 

L1: urna 

Here JCfj@ denotes a tensor antisymmetric in all its indices and Erz3” = vz where 
g = det (1 &j If. 

3) Class 772 * m : ?7l (cylindrical symmetry]. Elements of this group trans- 

form the cylinder into itself. Generating elements of this group are: the axis of infinite 

order together with the vertical and horizontal mirror symmetry planes 

Ai = kg*, # = h_$ + ,‘;z,+ “r [i&tj 

I tijk = ,.p (w / m . I,~) _I_ k5Bi$b’ + k,Bikuj .+ ~~i~~~kui 

A 
ijkl z=z Aijkl (co / m . nt) + ,I,&j~“” + k,,xikf$’ + k,,pBik + ,+,,y”‘fiij _+_ k,,Ti’~‘k + 

+ ~,~~~k~~~ + k,,BijBkt -/- k~~~kl*~i~~j + k,~~iz~i~~k + k~~~‘z~~‘~~k + J~~~B~k~~~~ I_ 
. . 

+ k~2uzku’u1 + ki23B~Juku~ 

Here the tensors BiJ is defined by the following condition: its component matrix can, 

by means of spatial transformations, in the associated reference system, be reduced to 

the form /j cz’jl (i, 1 = 1,2, 3, 4), in which the only component different from zero, 

willbe B’ . 
4) Class a : 2 (gyrocylindrical symmetry). Elements of this group 

transform the cylinder into itself, with the determinant equal to + 1 . Generating ele- 
ments of the group are : the axis of infinite order and a second order axis perpendicular 

to it 

“) Group notation used here is due to A, V. Shubnikov. 
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preserving the basic orientation, Generating elements of the group are : the axis of 
infinite order and a mirror symmetry plane perpendicular to it 

ij +di = kui, 21 = lilrl’ f kgBt3 + k&l” -;- kqu’u” 

ijk = Aijk (30 , .,I 00 . m) + kjBzJ~~h’ -t koB’kJ + /~~.tjj’~~’ + kgQ’JUk + /ioQikuj + k,&j’ilLi 

A 
ijkl 

= Aiikz (m . 00 : m) -t &rijQkl + ky5yikQj’ -t- /,Y,,~~‘Q~’ + /i,irk’Qij + k.,,Tjr~ik + 
+ k,9.,,jkQil + k 

30 
&kl ik jl kl ij 

+ ks,U Sz -+ k& Q + ks& kJuirlj + k3c~j[uiuk + 

+ k&2i’ujuk -1 k~g&;2jkui,~’ -t kqQ”‘~j~’ + liggQi’ttkU1 

where the tensors B’ J and 0” are defined by the following condition: their component 
matrices can, by simultaneous spatial coordinate transformation in the associated refer- 

ence system, be reduced to the form jj Bgii iI and 11 Q*” 11 (E, j = 1, 2, 3, 4) in which the 

only components different from zero will be ~*“3 = 1 and Q*'" = - Q*"' == 1. 
6) Class a*??~ (conical symmetry). Elements of this group transform the 

cone into itself. Generating elements of the group are : axis of infinite order and the 

mirror symmetry plane passing through it 

A 
i 

= klb 
i 

+ k2u 
i 

. 
At3 = k,ya3 + kzb’b3 + kab’u’ $ k4b3u1 + k5uZu3 

A ijk = Aiil cm , o. . m) + k#bk + k,rikbi + k7rk’bi + k8bibjbk + k,bibjuk + 
. 

+ klob’bkuf i- kllb3bkuE + kl,b’u3uk -k k13bkuiu3 f kl.,b3uku’ 

A 
ijkl = Aijkl la, 

m - m) + hr 
ij k 1 

b b + hsr 
ik j I 

b b 
il j k 

j-kIsr bb fkI,r 
kl i j 

bb _i- 

+ kl,yjrbibk + k,,yjkbib’ $- kl,+‘bkuL + k,8+kl&1 f k,,yikbiuz + k,,+jb’uk + 

-k k,,yi’ukbi + k,,yj’b’u” + k,,rizbkui + k,,+kb’ui + k,,yk’biuj + k,,yjkblui + 

+ kz,yjzbkui + k,,$kbiui + k,,bibjbkb’ + k,,bibjbkri f k3,b b b u + k,,bkb’biuj + jkl i 

+ ksbtbibiuk + k,,bib’ukul + ks5bibku’ui + k,,bkb’uiu’ A- k,Tb’bi,L’uk + k,b’b’uiuk + 

ikjl + ksgb b u u + k40b’u3uku1 + k41b3u’uku1 + kp2bkrsiu3u’ -f-- klSbluiuiuk 

Here the vector b’ can, in the associated reference system, be brought by means of 

spatial transformation, to the form b" = (0, 0, 1, 0) . 

7) Class 02 (gyroconical symmetry). Elements of this group transform 
the cone into itself, with the determinant equal to + 1 . Generating element of this 
group is the axis of infinite order 
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Ai = k,bi -+ k,zci 

A’j LX k,rij _,L kztiij + k,bi$ + k4biuj + k,bjrli + kscLiuj 

*ijk = Aijk tm . m) + kpju 
ij k ik j jk i 

b + kleo b ‘I- k1,0 b + klso 
ij k 

u -i_ kl~Ozkt~’ -I- kz00 
jkui 

ijkl = A’jkl joo . A m) --t kd 
ij 

0 
kl + k,,Tikojl f k,,$zw3k + k47~kzui1 + 

+ k&oik -+ k&oi’ _!_ k,oijbkbl + kmmklbibj + ks&‘bibk + JcS3ak1$Ui. + ka,oiEbkui + 

+ X.550 
jk i i 

u b f lt5eO 
ki i 

6 u 
j + k~~~ilbk~j + k~~~ikb~~~~ + k~~~,lbi~k + k~~~~‘b’~~ .+ 

+ k,loijb’uk + k,,cikbiu + k,,,ikb%* + k,aoi’bkuz + ka5c.okzuiu’ + ksG&&k + 

-t_ k,,w’k,,i~’ -i- ks80i’u’uk + ksi,coikuju’ + k,,oi’ukuz 

Here vector b’ is identical with that for the (a l m) group, while WiJ are components 

of the tensor @ij = Ei%tbkut 

In the above equations, coefficients kit kz. , . . can be any scalar functions of arbi- 

trary magnitudes, 
If the tensor A depends on tensor arguments A , A 2, . . . , A n and possesses the sym- 

metry of one of the orientations, then the formulas given above represent a general form 
of such a relationship, while the coefficients ?51, k2,. . , represent the functions of inva- 

riants common to the system of tensors A,, , , . , A,, If tensor A has a wider symmetry 
group, then constraints appear between the coefficients kl, kz,. . . . 

The author thanks L. I. Sedov and V. V. Lokhir. for assessment of this work, 
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