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We shall consider the construction of a general form of nonlinear tensor function invari-
ant with respect to the group & of such orthogonal transformations of Cartesian coordi-
nates defining the space tangent to the four-dimensional Riemannian manifold L at
some point M, which leave the vector 1! of unit length defined in M, at rest, Investi-
gation of such tensor functions id of interest since the group G of the form indicated
above, defines the properties of spatial symmetry of the medium in the relativistic
mechanics of continuous media, provided that ul is taken as the 4-velocity vector (*).

Let a tensor A4 of rank 7 whose components are A" be given on the space-time
manifold Z , Let it also be, by definition, invariant with respect to the group & , which
represents the group of orthogonal transformations of coordinates in the associ*ated refer-
ence system (**) . When acted upon by the elements of &, components of 4~ " *r will
transform in the manner of components of a three-dimensional tensor of rank 7, com-
ponents At ...,Aa"m""m'"“4 like the components of a three-dimensional tensor
of rank 7~ 1, etc, The component A4*t...4 is,under the transformations of & , a scalar,
Results of [1] enable us to write the general form of three-dimensional tensors A*“""a’,

*4“*"’°‘",,_,, in the associated reference system, In other reference systems, components
of the temsor A are obtained by coordinate transformations,

We shall illustrate the above argument using a tensor of rank 2 invariant with respect
to a complete orthogonal group of transformations of coordinates of the associated refer-
ence system, From [1] it follows that

ATB = fyrgteB gt = g =, QM gy )
where g ! are the components of the metric tensor of L , while %,* and %5’ are scalars
with respect to the complete orthogonal group of transformations of coordinates z®
It is easy to find a tensor whose components in the associated reference system coincide

with those of (1) . . -
AL) = kl’r” + kzuluJ (2)

*) Latin letter indices 7, J, 4,... assume the values 1, 2, 3 and 4 ;Greek letter indi-
ces O, B, Y.... correspond to spatial coordinates and assume the values 1,2 and 3+
**) Magnitudes measured in the associated reference systemn (Cartesian reference system
in the space tangent to L with one of its coordinate axes coinciding with the direction
of L"), will be denoted by the symbol *,
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Here ul is the 4-velocity vector, YU = g” ~u'ud in the metric with the sign con-
vention (———+), Y“ = g“ +Urw! in the metric with the sign convention (+ + + =),
while %41 and %5 are four-dimensional scalars, numerically equal to %;* and 4 2%,
Since the tensors whose components coincide in any reference system are equal, Formula
(2) yields the required result in any coordinate system,

Below we give the general form of invariant tensors of the first, second, third and fourth
rank, for each of the seven types of orientations,

1) Class ®/®¢/M (centrally isotropic case) (*), The group consists of
all possible rotations and inversions, Generating elements of the group are: the inter-
secting axes of infinite order and the mirror plane of symmetry
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2) Class ®/® (gyrotropic case), The group consists of all possible rotations
with the determinant equal to + 1, Generating elements of the group are the interseci-
ing symmetry axes of infinite order
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Here 1kl denotes a tensor antisymmetric in all its indices and E12 = Vg, where
g = det [[g;;].

3) Class M+« ®; M (cylindrical symmetry), Elements of this group trans-
form the cylinder into itself, Generating elements of this group are: the axis of infinite
order together with the vertical and horizontal mirror symmetry planes
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Here the tensors 51 is defined by the following condition: its component matrix can,
by means of spatial transformations, in the associated reference system, be reduced to
the form | g;’ | (i, f =1,2, 3,4), in which the only component different from zero,
will be 57,

4) Class ® : 2 (gyrocylindrical symmetry), Elements of this group
transform the cylinder into itself, with the determinant equal to +1, Generating ele-
ments of the group are: the axis of infinite order and a second order axis perpendicular
to it

*) Group notation used here is due to A, V, Shubnikov,
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5) Class « : /7 , Elements of this group transform a cylinder into itself, while
preserving the basic orientation, Generating elements of the group are ; the axis of
infinite order and a mirror symmetry plane perpendicular to it
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where the tensors 5*4 and (01 are defined by the following condition: their component
matrices can, by simultaneous spatial coordinate transformation in the assogiated refer-
ence system, be reduced to the form |B") and [Q"™|(t, j=1, 2, 3, 4) in which the
only components different from zero will be B*# =1 and Q*?%= — Q*?=1.

6) Class o« (conical symmetry), Elements of this group transform the
cone into itself, Generating elements of the group are: axis of infinite order and the
mirror symmetry plane passing through it
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Here the vector b! can, in the associated reference system, be brought by means of
spatial transformation, to the form »°1=(0, 0, 1, 0),

7) Class @ (gyroconical symmetry), Elements of this group transform
the cone into itself, with the determinant equal to +1 . Generating element of this
group is the axis of infinite order
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Here vector B! is identical with that for the ( *7) group, while W are components
of the tensor i ikl
0" =E"* b,
In the above equations, coefficients X1, A5, ... can be any scalar functions of arbi-

trary magnitudes,

If the tensor 4 depends on tensor arguments 4 , A5, ..., A, and possesses the sym-
metry of one of the orientations, then the formulas given above represent a general form
of such a relationship, while the coefficients Xy, %5,..., represent the functions of inva-
riants common to the system of temsors 4y, ..., 4,. If tensor 4 has a wider symmetry

group, then constraints appear between the coefficients 4y, %3,... .
The author thanks L, I, Sedov and V, V, Lokhir. for assessment of this work,
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